A SEVEN-TERM EXACT SEQUENCE FOR THE COHOMOLOGY OF A 

GROUP EXTENSION 



KAREL DEKIMPE, MANFRED HARTL, AND SARAH WAUTERS 

Abstract. In this paper we construct a seven-term exact sequence involving the cohomology 
groups of a group extension. Although the existence of such a sequence can be derived using 
spectral sequence arguments, there is little knowledge about some of the maps occuring in the 
sequence, limiting its usefulness. Here we present a construction using only very elementary 
tools, always related to the notion of conjugation in a group. This results in a complete and 
usable description of all the maps, which we describe both on cocycle level as on the level of 
the interpretations of low dimensional cohomology groups (e.g. group extensions). 



1. Introduction 

A classical tool to study the cohomology of groups fitting in a group extension 

1 *-N *G >-Q >*1 

is the Lyndon-Hochschild-Serre spectral sequence, which relates the cohomology of G to the 
cohomology of the kernel N and the quotient Q. For example, as observed in [11] . for any 
G-module M, the Lyndon-Hochschild-Serre spectral sequence gives rise to an exact sequence 

H 1 (Q, M N ) -^*- H 1 (G, M) H 1 (N, M)<* H 2 (Q, M N ) 



inf 



H 2 (G,M)i —^H 1 (Q,H 1 (N,M)) —^H 3 (Q,M N ) 



where H 2 (G,M) 1 is the kernel of the restriction map res : H 2 (G,M) — > H 2 (N, M). The 
inflation and the restriction maps in the sequence are well understood, but the others are 
induced by differentials in the spectral sequence and there is no explicit description available, 
except from Huebschmann's description of A, see below. At least, using cocycle manipulations, 

two different ad-hoc constructions of a map tr : if 1 (A, Mp >■ H 2 (Q, M N ) were given in 

[I] and [TU] which render the left-hand 5-term sequence exact. 

In this paper, we give an alternative, purely group theoretic construction of connecting maps 
tr and p as above fitting into this sequence, taking the last map A to be the map constructed by 
Huebschmann in [8]. Just as for the latter, our constructions are based on mostly well-known 
interpretations of the low dimensional cohomology groups, such as derivations, semi-direct 
complements, extensions and crossed modules. As a striking fact, our maps tr and p are 
extracted from nothing but the conjugation action of group extensions of G by M which are 
split at least over N, on the set of semi-direct complements of A: the map tr is basically 
given by the isotropy groups of this action, while the map p more precisely encodes this action 
itself, modulo conjugation by elements of M. It is interesting to observe that Huebschmann's 
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map A can be viewed as a broadening of the context from conjugation to "conjugation-like" 
automorphisms . 

We also give an explicit description of the three maps tr, p, and A on the cocycle level. In 
particular, it turns out that the two constructions of a suitable map tr in [2] and [10] both 
are just different descriptions of our map tr. 

In general, we do not know whether or not the maps in our sequence coincides with the 
ones obtained from the spectral sequence. However, when M is TV- invariant, we know that 
tr equals the boundary map d / : H^NjM)^ -¥ H 2 (Q,M N ) (see lemma l9~Tj) , Furthermore, 
Huebschmann showed in [8J that his map A is the same as the one induced by the spectral 
sequence. 

We start by recalling two important techniques in our construction, namely the pull-back 
and a kind of push-out construction. In what follows, we will find a more appropriate way 
to regard -ff 1 (G, M), namely using semi-direct complements and/or splittings, instead of 
derivations (section [3]). To avoid complicating things, and to gain optimal insight in the 
matter, we use some notions of category theory, which are briefly overviewed in section HI We 
are then ready to construct the different maps in the sequence (section \5\ [6] and [7]) . It will be 
clear that the seven-term exact sequence is natural with respect to the modules, but we will 
still have to show that it is natural with respect to the group extension. We do this in section 
[8j In section [9l we show that, at least under some conditions, tr equals c?^' 1 . An explicit 
cocycle description of the maps tr, p and A is given in section [H)l Finally, we demonstrate our 
results for the Heisenberg groups in section [TT] We finish with some observations concerning 
split group extensions (section [T2j) . 



2. Pull-back and push-out constructions 

The pull-back and the push-out are two key notions from category theory. The reason 
that they are also important to us, is that we can use them to describe induced maps on the 
extension level. 

Given two group morphisms p\ : E — )■ H and p2 ■ G — > H, we can take the group P 
consisting of all couples (e, g) G E x G such that pi(e) = P2(d), with the group law inherited 
from the direct product. There are natural maps q% : P — > E and q<i : P — > G, which are 
restrictions of the projection maps. We say that (P, q±, (72) is the pull-back of p\ and p2- When 
the morphisms are clear from the context, we sometimes just say that P is the pull-back. The 
universal property of the pull-back says that if there are two group morphisms a\ : E' — > E 
and o<2 '■ E' — > G such that pioati = P2 o«2, there exists a unique group morphism a : E' — > P 
such that qi o a = ot\ and c/2 ct = 02- 



E' 




If there is another group P' and morphisms q[ : P' — > E and q' 2 '■ P 1 — > G such that 
Pi Qi = Vi Q21 having the universal property, it is not difficult to check that P = P' . In 
fact, the universal property can be used to define the pull-back, as is done in category theory. 
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Now suppose we have a short exact sequence of groups 

^M^E^H- 



1 



with abelian kernel, and a group morphism p2 : G — > H. Taking the pull-back (P, 91,52) of 
pi and P2, we can find a map Z2 : M — > P such that we obtain a commutative diagram with 
exact rows 

e : 




e : 

One can check that [e/] in the diagram is the image of [e] under the induced map (P2)* : 
H 2 (H, M) -> P 2 (G, M), where M is a G-module via p 2 . 

The push-out construction we want to use in this paper is the same as the one given by 
C.C. Cheng and Y.C. Wu ((2j). Take a short exact sequence of groups with abelian kernel 







Mi 



£1 



PL 



G *-l , 



We want to describe the map 



a G- module M2 and a G- module morphism %% : Mi — > Mi- 
(i 2 )* : H 2 (G, Mi) ->■ H 2 (G, M 2 ) on the level of extensions. 

Throughout this paper we will denote the action of an element g £ G on an element m of 
a G-module M by g ■ m. There is an i?i-module structure on M2 induced by p±, i.e. ei rri2 = 
Pi(ei) -m2, so we can consider the semi-direct product M2 x E\. Set E = (M2 y\E{)/S, where 
S is the normal subgroup of M2 X E\ consisting of the elements of the form (— ^(wii), ^1(^1)) 
for m\ € M\. There are maps j\ : E\ —> E and 32 '■ M2 — > E, defined by taking the 
composition of the respective embeddings in M2 x E\ and the quotient map M2 x E\ — > E. 
We call (E,ji,j2) the push-out construction of the maps i\ and ii- Sometimes we omit the 
maps and say that E is the push-out construction of i% and 12, if it is clear what j% and j'2 
are. Observe that j\ o i\ = 32 o %2- 

There is a "universal property" of the push-out construction. Let E 1 be a group and let 
pi : Ei — > E' and P2 '■ M2 —> E 1 be group homomorphisms such that p\ o i\ = p 2 There 
exists a homomorphism h : E ^ E' with ho y\ = p\ and ho 32 = Pii if and only if 

(1) p 2 (e 1 ■ m 2 ) = Pi(ei)p 2 ("i2)pi(ei) _1 . 

In this case, h is unique. 




Observe that we can give an easier description of condition ([I]), defining an action of E\ on 
E' by conjugation, i.e. ei x = pi(ei)xpi(e\)^ 1 for x € E' and e\ € Pi. Now we can replace 
condition (TTJ by demanding that p 2 is compatible with the action of E\ . 

If we take p\ = j\ and P2 = 32, equation (fTJ) holds. Moreover, the universal property 
determines E up to isomorphism. 
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Take maps p\ : E\ — > G and 1 : M2 G, the trivial map, and observe that we can find can 
a map p : E — > G such that p o j 1 = p 1 and p o j 2 = 1. Thus, there is a commutative diagram 

Mi G 1 

«2 jl 

M 2 -^->- £7 — ^ G » 1. 

The lower sequence is automatically exact. One can check that the image of the class of 
the upper sequence under the natural map H 2 {G,M\) — > H 2 (G, M 2 ), induced by 12, can be 
represented by the lower sequence. 



3. Derivations, splittings and semi-direct complements 

Let G be a group and M a G-module. It will be useful for the construction of the exact 
sequence to have different descriptions of the first cohomology group H l (G,M). Consider 
the standard split extension of G by M 

- M M»G G 1 . 

It is well-known that £T 1 (G, M) is isomorphic to the group Der(G, M)/Inn(G, M), where 
Der(G, M) is the group of derivations d : G — > M, and Inn(G, M) are the inner derivations. 
We can associate to each derivation d a splitting s : G — > M x G, s(g) = (d(g),g). In this way, 
we get a bijection between Der(G, M)/Inn(G, M) and Sec(G, M)j where Sec(G, M) is 
the set of splittings of the split exact sequence. The equivalence relation is the following: 
si ~m S2 if there exists m G M such that si = io(m)s2io(m)~ 1 . These interpretations of 
ff 1 (G, M) are well-known, and appear in several textbooks on cohomology of groups, for 
example in [lj. 

For our purposes, there is a more convenient way to look at lf 1 (G, M). Define the set 
of semi-direct complements SDC(G, M) of G in M xi G as the set containing all subgroups 
H < M x G, such that the restriction of po to H is an isomorphism onto G. The map s 1— > s(G) 
entails a bijection between Sec(G, M) and SDC(G, M). Now we can transfer the equivalence 
relation ~m to a relation on SDC(G, M), namely H ~ H' if there exists an m S M such that 
H = io(m)£T'io(m) _1 . There is also an induced group structure 

H 1 + H 2 = {{hi + h 2 ,g) GMxG | {h Xl g) G H x , {h 2 ,g) G H 2 }, 

that turns SDC(G, M) and its quotient under the equivalence relation into abelian groups. 
Consider the case where there is an exact sequence of groups 

1 ^G^+Q »-l . 

We know that conjugation in the normal subgroup N induces a G-module structure on 
H 1 ^, M). Moreover, the action of G factors through Q, so that H 1 (N,M) becomes a 
Q-module. We would like to know what the G-action looks like on derivations, splittings or 
semi-direct complements, since this action directly gives us the action of Q. 

We denote the action of an element g G G on a derivation d : N — > M by 9 d. Using the 
standard ^-resolution, one can see that 



(3d)(n)=g-d(g- 1 ng). 
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It is now straightforward to check that on the level of splittings s : N — > M>jN and semi-direct 
complements H of N in M x N the above action translates to 

(%)(n) = {Q : g)s{g- 1 ng)^, g y 1 and °H = {0, g)H{0, g)' 1 , 

where we view M x N as a subgroup of M x G. If d is an inner derivation, 5 (f will also be 
an inner derivation. Therefore, we have a well-defined action of G on Der(iV, M)/Inn(A r , M), 
Sec{N,M)/ ~m and SDC(iV, M)/ ~. These actions factor through Q and correspond to the 
usual Q-module structure on H 1 {N, M). 

4. A CATEGORICAL POINT OF VIEW 

Let Pair be the category of all pairs (G, M) where G is a group and M is a G-module. A 
morphism (a, /) from {G, M) to (C, M') consists of a group homomorphism a : G' — > G and 
a G'-module morphism / : M — > M', where M is a G'-module via a. Now SDC(— , — ) is a 
functor from Pair to the category of sets, where the induced maps are defined by 

SDC(a,/)(ff) = {(f(m),g) \ (m,a(<?)) G H}, 

for H € SDC(G, M). Note that SDC(1, /) and SDC(a, 1) are given by the direct and inverse 
image, respectively. 

As we will see, the functor SDC(G, — ) preserves products and final objects. This is an 
important property, since it implies that the functor will preserve group objects. Let C be 
a category that has products and a final object \q- We call C a category that admits group 
objects. A group object X is an object such that there exist morphisms fi : X x X — > X 
{"multiplication! 1 ), rj : 1q — > X ( a unif) and i : X — » X {"inverse") satisfying the commutative 
diagrams that correspond to the usual group axioms (e.g. see [9J page 75]). 

If F : C — > T> is a functor between two categories that admit group objects, there is a well 
known criterion for F to preserve group objects. 

Lemma 4.1. If F : C — > T> preserves products and final objects, then F will preserve group 
objects. 

Explicitly, if {X, fx, r], i) is a group object, {FX,Ffi o h~ x ,Fri,Fi) will be a group ob- 
ject, where h is the canonical map h = {F{pr±), F{pr-z)) : F{X x X) — > FX x FX, which 
is an isomorphism since F preserves products. Often, we will omit h^ 1 and simply write 
{FX,Fv,Fn,Fi). 

Lemma 4.2. Let C and T> be categories that admit group objects, and let F : C — > T> and 
G : C — > T> be functors that preserve group objects. If a is a natural transformation between 
F and G, then for every group object X of C, ax ■ FX — > GX is a homomorphism of group 
objects, i.e. the diagram 

FX x FX"-?—£ GX x GX 



Gn 



FX — ^GX 



commutes. 



This is also well known. We will use this lemma to show that certain maps in our seven-term 
sequence are homomorphisms. 

Now let's turn our attention to the functor SDC(G, — ) from the category G-modules to 
the category of sets. 
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Lemma 4.3. The functor SDC(G, — ) preserves products and the final object. 
The proof is left to the reader. 

An object M in the category of G-modules is always a group object, with the obvious 
commutative group law, denoted as +. It follows that SDC(G, M) is a group object in the 
category of sets, with multiplication SDC(1,+). The reader can check that this is the same 
group law as the one described in section [3J 

5. Construction of tr 
Given a short exact sequence of groups 

1 ^N^^G^+Q ^ 1 

and a G-module M, we want to construct an exact sequence 

^ H l (Q, M N ) H l (G, M) H 1 {N, M)® H 2 (Q, M N ) H 2 (G, M) . 

Note that M is also an iV-module, and M N is a Q-module, so the cohomology groups are 
well-defined. The existence of the exact sequence follows from the Hochschild-Serre spectral 
sequence. In this section, we want to give an explicit description of a map that can be chosen 
to be the third map. 

It is known that the image of the second inflation map is contained in the kernel of the 
restriction map res : H 2 {G,M) — > H 2 (N,M) (or see corollary 15. 9p . So it is not surprising 
that we will first turn our attention to a general construction involving extensions in Ker(res). 
Take an extension 

(2) e: >M E G ^ 1 

which is partially split. This means that the sequence 

M — U- p~ l (N) N 1 

is split and therefore equivalent to the standard split extension through an isomorphism 
7 : M x N — > p^ 1 (N). (We will sometimes identify the two extensions.) In other words, the 
class [e] belongs to the kernel H 2 (G, M)\ of the restriction map res : H 2 (G, M) — > H 2 (N, M). 

A partial semi-direct complement H of N in e is a subgroup H < E such that p(H) = N 
and p\h ■ H — > N is an isomorphism. Two partial semi-direct complements Hi and H2 of 
N in e are equivalent (denoted by Hi ~ H2) if there exists an element m G M such that 
H2 = i(m)Hii(m)^ 1 . Every partially split extension e determines an action of E on the 
partial semi-direct complements H < E of N in e, induced by conjugation. It is immediate 
that this action will factor through p : E — > G, after passing to equivalence classes. It factors 
further through tt : G — > Q. The obtained action of Q is given by q [H] = [ e H], where 
7r(p(e)) = q. 

As a special case, we can consider the standard split extension of G by M 

e : ^ M M x G G 1. 

In this situation, the set of partial semi-direct complements corresponds exactly to SDC(iV, M) 
and the action we obtain then is the same action as the one we discussed at the end of section [3j 
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Every partial semi-direct complement H of N in e determines a homomorphism s : iV — >• E, 
mapping n to its unique pre-image under p in H. Observe that p o s = id. Such a homomor- 
phism s : N — > E is called a partial splitting of e over AT, and for every H, there is a unique 
partial splitting s with s(iV) = H. Observe that e s defined by e s(n) = es{p(e) np(e))e~ 1 is 
a partial splitting with ( e s)(N) = e (s(iV)), so this is an action of E on the partial splittings 
of e that corresponds to the above action of E on the partial semi-direct complements. Two 
partial splittings s\ and S2 of e are equivalent (we write s\ ~ S2) if there exists an element 
m G M such that *( m ),si = S2 or equivalently, i(m)si(n)i(m)~ 1 = S2(n) for all n G iV. 

Now we can start with the construction of a map u> that will give rise to a map tr : 
H 1 (N,M) Q ->■ H 2 (Q, M N ). Take an extension @ and a partial semi-direct complement 
of iV in e. Since H is isomorphic to N, one can expect that "taking the quotient of E and 
H" will correspond to taking the quotient of G and N. Of course, -fT doesn't need to be a 
normal group of E, so we have to pass to the normalizer N E (H) in E. The following two 
lemmas are easily checked. 

Lemma 5.1. The intersection i(M) n Ne{H) equals i(M N ). 

Lemma 5.2. The restriction p\n e (h) '■ Ne(H) — ^ G is surjective iff e H ~ H for all e & E 
(or equivalently, e s ~ s for all e € E, where s is the unique splitting with s(N) = H). 

Let £1 be the set of all pairs (e, H), where e is an extension 

e: *~ M — E — G »- 1, 

[e] G H 2 (G, M)\ and H < E is a partial semi-direct complement of ./V in e with e i7 ~ H for 
all e G E. By the lemmas above, the sequence 

- M N — ^ N E (H) — ^ G 1 

is exact. It is not difficult to check that this sequence induces an exact sequence 

£ : ^ M N — ^ N E (H)/H — Q ^ 1, 

where i and p are the induced maps. This gives a map 

u : n -> H 2 (Q,M N ), 

mapping (e, H) to the class of the extension e'. 

First we make some remarks about the construction of w. In the commutative diagram 

>■ M ! ^£ — *-G >1 

M N — i-s- iV s (F) P > G 1 

M ff — i*. N E {H)/H Q »- 1, 

£7 is isomorphic to the push-out construction of the inclusion map j : <^-> M and i : — > 
Ne(H), and Ne{H) is isomorphic to the pull-back of p : Ne{H)/H — > Q and tt : G — > Q. To 
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show the first statement, let E' be the push-out construction of j : M N — > M and the map 
% : M N -> N E (H). We know from section [2] that we can find a map p such that 







M 



E' 



G 







M 



N 



N E (H) 



G 



1 



1 



is a commutative diagram with exact rows. It is not difficult to see that we can use the 
universal property of the push-out construction to get a map h : E' — > E such that ho i = i 
and ho q = l. Thus, we get the following commutative diagram with exact rows. 




The right-hand side commutes, since poi = 1 = (po/t)oi, by definition of p. Also, (poh)oq = 
p o l = p o q. Therefore uniqueness in the universal property gives us the equality p = p a h. 
Now by the five- lemma, h is an isomorphism and E = E' . The pull-back statement is proven 
in the same way. 

Our goal is to find a map H 1 ^, Mp — > H 2 (Q, M N ) completing the five-term exact se- 
quence. Define SDC(7V, M) Q as the pre-image of H 1 (N, M) Q under the projection SDC(7V, M) 
— > H 1 (N, M). As we have seen, SDC(iV, Mp consists of all partial semi-direct complements 
H of N in M x G with ( m ^H ~ for all (m,g) € M x G. Therefore, we can define 
tr : SDC(7V, M) Q F 2 (Q, M w ) as 

tr(ff) =^(60,^), 

where e is the standard split extension of G by M. We will show that this indeed induces 
a map tr : H 1 ^, M)® — > H 2 (Q, M ) that can be chosen as the third map in the five-term 
sequence. For this, tr has to be a homomorphism, and the corresponding five-term sequence 
has to be exact. We also want the map to be natural. 



Lemma 5.3. tr : SDC(A r , -) Q H 2 (Q, 

Proof. We have to show that for every G-module map / : Mi 
is commutative. 

SDC(7V, Mi)^ H 2 (Q, Mf) 



N ) is a natural transformation of functors. 

M2, the following diagram 



SDC(i,/) 



SBC(N,M 2 ) Q 



tr 



H 2 (Q,M») 



For H G ST)C(N, Mi)® , use the push-out construction to find a representant of f*(tr(H)). 
The universal property and the five-lemma give an equivalence of /*(tr(i7)) with the extension 
tr(/ !f (i?)), in the same way as in the remarks about the construction of oj. □ 

It is immediate that the cohomology functors H n (G,—) preserve products and the final 
object 0. Furthermore, if M\ and M2 are G-modules, the action of G on SDC(G ! , M\ x M2) = 
SDC(G, Mi) x SDC(G, M2) is the diagonal action. Using this information and lemma POI we 
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see that also the functors SDC(iV, — p and H 2 (Q, — N ) preserve products and final objects, so 
they will preserve group objects. Now, by lemma [4721 and lemma [5T3| we obtain the following 
result. 

Proposition 5.4. The map tr : SDC(iV, M)® — > H 2 (Q, M N ) is a homomorphism. 

To see that tr induces a well-defined map tr : H l {N,M)® — > H 2 (Q, M N ), we need the 
following lemma. 

Lemma 5.5. Given H G SBC(N,M) Q . There exists an H G SDC(G,M) such that Hf] 
(M x N) = H ifftv(H) = 0. 

Proof. Suppose that H = H D (M x N). Since MxiVis normal in M x G, H is normal in 
so Nmxg(H) contains the semi-direct complement H of G. This means that the short exact 
sequence 

> M N N MxG {H) G 1 

splits, and consequently, tr(H) = 0. Conversely, choose a semi-direct complement Q C 
Nmxg(H)/H of Q and take the inverse image under q : Nmxig(H) — > Nmxig(H)/ H . It is 
not difficult to prove that this is the required semi-direct complement H in SDC(G, M). □ 

There are some immediate consequences of this lemma. 
Corollary 5.6. The map tr : [H] h4 tv(H) is well-defined. 

Proof. We can extend every semi-direct complement of the form ^^Hq to the semi-direct 
complement i( ^H of M X G, where H = {(0,n) G M X G | rt G iV} and # = {(0,5) G 
M x G | 5 G G}. □ 

Corollary 5.7. TTie sequence 

- ff x (Q, Af*) HHG, M) iJ x (iV, M)« H 2 (Q, M N ) 

is exact. 

We will show that tr : H X {N, M) Q — > H 2 (Q, M N ) is a map that fits in the five-term exact 
sequence. To complete the proof of exactness, we need the following lemma. 

i P 

Lemma 5.8. Let e : ^ M —-^ E — ^ G ^ 1 be an extension of G by M . 

• If e is partially split and there exists a partial semi-direct complement H of N in e 
with e H ~ H for all e G E, then inf (u(e, H)) = [ej. 

• Conversely, if there exists an [e/] G H 2 (Q, M N ) such that [e] = inf[V], then there 
exists a partial semi-direct complement H of N in e with e H ~ H for all e G E, such 
that [£] = uj(e,H). 

Proof. The inflation map inf : H 2 (Q, M ) — > H 2 (G,M) is the composition of the maps 
H 2 (Q,M N ) -> H 2 (G,M N ) and H 2 (G,M N ) -> H 2 (G,M), induced by respectively the pro- 
jection map 7r : G — > Q and the inclusion map M N <-)■ M. Using section [21 we see that for 
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any extension e' of M and Q, we can represent inf(e') by the lower row in the diagram 



(3) 



e' : ^ M 



N z ° 



^ M N — 

j 

inf (e') : ^ M — - 



P^^-G -1 



E — — G -1. 



Here P is the pull-back of po and ir, and E is the push-out construction of i' and j. 

Now it follows from the remarks after the definition of u that inf(o;(e, H)) = [e] when e 
is partially split and H is a partial semi-direct complement of N in e with e H ~ i/. This 
proves the first part of the lemma. 

For the second part, suppose that [e] = inf[e'], where 







M 



N l o 



Eq 



7-'o 



Q 



We show that we can find a partial semi-direct complement H of N in e with e H ~ for all 
e E E, such that the extensions and the canonical representative of w(e, -ff) are equivalent. 
Since [e] = inf[e'], we have again a diagram ([3]) where the upper right square is a pull-back 
diagram and the lower left square is a push-out construction. Using properties of the pull- 



back (see section [2]), we see that the short exact sequence 1 



N ■ 



G 



Q 



l 



induces a short exact sequence 1 



N 



P 



E n 



1 . Define H = a{N) < P 



and observe that h induces an isomorphism h of extensions as follows. 



M N 



M 



N 



*• Eq - 

h = 

P/H 



PO 



Q 
Q 



If we set H = "f(H) C E, we see that p(H) = j(N), and a similar argument shows that 
p\H : H — > N is an isomorphism. Therefore H is a partial semi-direct complement of in e 
and e is partially split. Observe also that 7(f) C Ne(H), so p(Ne(H)) = G. From lemma 
lit follows that e H ~ H for all e £ E. 

We can use lemma 15.11 and the five-lemma to see that 7 is an isomorphism of extensions 



>- M 



N * 



G *►! 



>■ M 



N 



N E (H) G 1. 
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Since j(H) = H, the map induces an isomorphism 7 : P/H — > Ne{H) / H , such that there is 
an equivalence of extensions 



M 



N 



En 



Pi) 



Q 



joh 







M 



N 



N E {H)/H 



1. 



The lower extension represents u(e,H), so this proves that [e'] = uj(e,H). 
This proves the exactness of the sequence 



H 1 (Q, M N ) H 1 (G, M) H 1 {N, Mf 



H 2 (Q,M 



□ 



H 2 (G,M) , 



since tr[H] = u(e ,H) and inf(e ) = 0. Furthermore, we have the following corollaries, which 
are important for the next section. 

Corollary 5.9. The image o/inf is contained in H 2 (G, M)\. 

Corollary 5.10. Let [e] € H 2 (G, M)\. Now [e] € Iminf iff there exists a partial semi-direct 
complement H of N in e with e H ~ H for all e € E (or equivalently, a partial splitting 
s : N —> E of e over N with e s ~ s for all e € E). 

6. Construction of p 

We want to construct a map p : H 2 (G, M)\ — > H l \Q , H 1 (N ', M)) , extending the five-term 
sequence to a six-term exact sequence. Take an extension [e] £ H 2 {G,M)\. This is an 
extension of the form 

v 



>■ M ■ 



for which the induced extension M ■ 



E 



G 



•p _1 (JV) 



1, 



>• 1 is split. Choose a 
partial splitting so : N ^ E of e over TV. We define a map 

p (e) : E ->■ Der(A r , M) 

associated to so, sending x € to the derivation d x : N — > M, defined by i(d x (n)) = 
( x so)(n)so(n)~ 1 . Another way to describe this derivation is by taking the derivation associated 
to X H = -y- 1 (x~f(H )x- 1 ), where H = {(0,n) | n € N} and 7 : M x iV ->• p _1 (iV) is the 
isomorphism given by 7(771, n) = i{m)sn{n). 

We know from the previous section that the action of i? on the equivalence classes of partial 
splittings factors through G and Q, so this will also be the case for po(e). Hence, we obtain 
a map 

p (e) : Q -> Der(JV,M)/ ~ ^ H\N,M), 

sending g to the class of the derivation po(e)(x), with ir(p(x)) = q. Observe that ~p~n(§) is 
trivial iff x sq ~ sq for all x G -E. 

We now show that the map /0 (e) is a derivation, where ff 1 (iV, M) has the natural Q-module 
structure as discussed in section [3l 



Lemma 6.1. The map p (e) : Q — > if 1 (iV, M) is a derivation. 
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Proof. It suffices to show that po(e) is a derivation, where the action of E on Der(A, M) 
is given via p : E — )• G. Take x, y G E and define d x = po(e)(x), d y = Po{e)(y) and 
d X y = Po(§_){xy)- Observe that i({ 9 d){n)) = gi(d(g~ 1 ng))g~ 1 , where p(g) = g. As a result, 

i(( p ^d y )(n)) = i(d xy (n))i(d x (n))-\ 

This means that po(e) and p (e) are derivations. □ 

For two different partial splittings so an d s± of e over TV, there always exists a derivation 
d G Der(A, M) such that si(n) = i(d(n))so(n) for all ra G A. In this case, we write si = (fso- 

Lemma 6.2. Lei si = dso. Then x s\ = p ( x >d x sq for all x G E. 

The proof is left to the reader. 

Lemma 6.3. Take so and si, partial splittings of e over A with si = dso and take the 
associated maps po(e), pi(e) : E — > Der{N,M). Then for all x G E, pi(e)(x) — po(e)(x) = 
P^d - d. 

Proof. Set di = pi(e)(x) and do = Po(£)(x). Using the previous lemma and the fact that 
i{d\{n)) = ( x si)(n)si(n) _1 , we see that i(d\{n)) = i(( p ( x > d)(n))( x so)(n)si(n)~ 1 . Now it is 
clear that i{d\{n)) = i(( p ( x > d)(n))i(do(n))i(—d(n)) and the result follows. □ 

As a consequence, themapse i-> [po(e)] G H 1 (E, Der(A, M)) ande h-> [p (e)] G H 1 (Q , H 1 (N , M)) 
are independent of the choice of the partial splitting. Thus we can define a map p, mapping 
a partially split extension e of G by M to p(e) = [po(e)]. We show that this induces a 
well-defined homomorphism of groups 

p: ^ 2 (G,M)! ->■ H l {Q,H l {N,M))- 
[e] ^ [Po(e)]- 

First, we prove a more general result. 

Lemma 6.4. If M\ and M<i are two G-modules and a : M\ — > M<i is a G-module ho- 
momorphism, then a*(/5(e)) = /5(e') ; where a* is the induced map H 1 (Q , H 1 [N , M\)) — >■ 
H 1 (Q , H 1 (N , M2)) and e' is an extension of G by Mi, that fits in a commutative diagram 

e : 




e' : 

Observe that the last statement is equivalent (modulo canonical isomorphisms) with the 
fact that (E',f3,i ! ) is the push-out construction of the inclusion map i of e and the map a, 
or with [e'] = H 2 (t, a)[e]. One can prove this equivalence using the methods in the remarks 
about the construction of w, following lemma I5T21 

Proof. Take a partial splitting si : A — > E of e over A and the partial splitting S2 = f3 o s\ of 
e' over A. Observe that j3{ x s\(n)) = ^^(n) for all x G £7 and n G A. 

Since ft(e) maps g to the class of pi(e)(x) in H l (N,M\), with 7r(p(x)) = g, the image 
of p(e) under the map a* will be the class of the derivation in Der(Q, H 1 (N, M2)) that 

maps q to [a o pi(e)(x)]. Also, i'^(a o pi(e)(x))(n)^ = i' (j)2(§.')(/3(x))(n)j ■ It follows that 

a Pi(e) = P2(e') o /3, and one easily sees that this implies that p(e') = a* (/5(e)). □ 
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We state some immediate consequences. 

Corollary 6.5. The map p : H 2 (G,M) 1 H 1 (Q,H 1 (N, M)) is well-defined. 

Corollary 6.6. The map p is natural with respect to the modules. 

The following theorem is now easily proven using lemma 14.21 and the fact that the coho- 
mology functors H n (B, — ) preserve products for every group B. 

Theorem 6.7. The map p : H 2 (G,M)i — ► H 1 (Q , H 1 (N ', M)) is a homomorphism. 

We want to prove that the definition of p yields an exact sequence. 

Lemma 6.8. The sequence 

. . . »- H l {N, M)Q H 2 {Q, M N ) H 2 (G, M) x H l (Q, H^N, M )) 

is exact. 

This follows from corollary 15.101 and lemma 16.31 

7. Construction of A 

In this section, we give a map A : H 1 (Q , H 1 (N , M)) -t H S (Q,M N ) that completes the 
seven-term exact sequence 

^ H l (Q, M N ) H\G, M) — ^5_^ H X (N, M)<* H 2 {Q, M N ) 



inf 



H 2 (G, M) — -ff 1 (A r , M)) — H 3 (Q, M N ). 



We will describe the construction given by Huebschmann in [S]. Huebschmann proves that 
his construction yields the differential map induced by the spectral sequence, so the map will 
automatically have all the good properties. In particular it will be a homomorphism, that is 
natural in a stronge sense (see [8]). 

We will make use of the following interpretation of the third cohomology group. It is known 
that H 3 (G,M) corresponds to equivalence classes of crossed extensions, i.e. exact sequences 
of the form 

8 







M 



C 



T 



G 



1 



where C 5- r is a crossed module that induces the given action of G on M (see [U IV.5]). 

The equivalence relation is generated by elements (1m, a : C — > C', (3 : T — > F', such that 
the diagram 




is commutative, and (a, j3) is a homomorphism of crossed modules. This in particular means 
that a is compatible with the action of T, where T acts on C' via (3. 
Now let 

»-M >-M x N »-N 5-0 
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be the standard split extension of N by M, and define Aut(A,M) C Aut(M) x Aut(iV), the 
group of all couples of automorphisms (a, 4>) € Aut(Af) x Aut(iV) with a{n ■ m) = 4>{n) ■ a(m). 
Observe that every element of Aut(N, M) induces an automorphism of M x N. Also, there 
is a map x '■ G — > Aut(A r , M) mapping g to (i g , c g ), where i g (rn) = g ■ m and c g (n) = gng~ l . 

Take Aut M (M x N) C Aut(Af x N), the group of all automorphism of M x N that map 
M to itself. Observe that these automorphism are of the form 

(m, n) t — y (<r(m) + d(n), 4>(n)) 

where (a,<j)) G Aut(JV,M) and d o 0- 1 g Der(N,M). There is an obvious homomorphism 
9 : Aut M (M >iJ\f)4 Aut(JV, M), which fits in a split exact sequence 







Der(A^, M) 



Aut M (M x N) 



Aut(iV, M) 



1, 



where a maps a derivation d to the automorphism (m,n) i— > (m + d(n),n). 

Let Autc(e ) be the pull-back of x and 6*. Using the pull-back properties, we find a split 
exact sequence 

^ Der(iV, M) Aut G (e ) G > 1. 

Observe that the induced G- module structure on Der(iV, M) coincides with the one given in 
section [3J There is a splitting s : G — )■ Aut(y(e ), mapping g to the couple (c(o iff ),5), where 
c (o,g) 1S conjugation with (0,g) in M x G. Since is a normal subgroup of G, M x iV will be 
a normal subgroup of M x G such that C(q iS ) can indeed be considered as an automorphism 
of M x N. 

Take /3i :MxiJV-> Aut A/ (M x A r ) mapping (m, n) to C( m>n ), conjugation with (m, n), and 
ft : M x JV G, mapping (m, n) to n. The pull-back property gives us a map (3 : M x iV — > 
AutG(e ). Define an action of Aut(3(e ) on M x N by setting ( h ' 9 \m,n) = h(m,n). The 
reader can check that this turns /3 : M x TV" — > Autc(eg) into a crossed module. 

It is easy to see that we obtain a commutative diagram 







M 



M x N 



N 



-6° 







Der(A, M) Aut G (e ) 



pi 



G 



1, 



where — <5°(m)(n) = m — n ■ m. Furthermore, the images of the vertical maps are normal 
subgroups of the groups in the bottom row, so we can take cokernels without loosing exactness 
of the rows, thanks to the snake-lemma and injectivity of the map N — > G. Define OutG(e ) = 
Autc(eo)/Im/3. We get the following commutative diagram with exact rows. 



(4) 







M 



M x N 



N ■ 



1 



-5° 



Der(N, M) 



8 

Aut G (e ) 



pi 



G 







fl-i(JV,M)^*Out G (eo) 



P2 



Q 



l 



The standard splitting of the first row is compatible with the given splitting s of the second 
row, and the resulting quotient map s : Q — > Out G (e ) is a splitting of the third row. 
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We restrict our attention to the second column of the diagram. It is not difficult to see 
that M N is the kernel of j3, so we obtain a crossed extension 

e : M N >- M x N — Aut G (e ) — ^ Out G (e ) 1. 

Take D € Der(Q, ^(N, M)) and define a new splitting Ds : Q — > OutG(e ) as Ds(q) = 
i 2 (D(q))s(q). Now 

e D : M N ^ M x N n- x (I7*(Q)) — ^ Q ^ 1 

is a crossed extension, with $ = pi o IT. Observe that II -1 (Ds(Q)) with the associated maps 
can be seen as the pull-back of II and D~s. One can check that this means that [e^] = (D~s)* [e] . 
It is straightforward to see that the induced action of Q on M N coincides with the given one. 
Define 

A : Dei{Q,H 1 (N,M)) -> H 3 (Q, M N ) : D h-> X(D) = [e D \. 

Huebschmann proves in [8] that A yields a well-defined homomorphism A : H 1 (Q, H 1 (N, M)) — > 
H 3 (Q, M ), coinciding with the corresponding differential of the spectral sequence. 

Since we don't know whether or not our map p is the same as the map obtained by Sah in 
, we still have to check exactness of the following part of the sequence 



H 2 (G,M)x — ^ H 1 {Q,H 1 {N,M)) — H 3 (Q,M 

We will make use of the following result due to Huebschmann ([7]). 
Lemma 7.1. A crossed extension 

^C^-T^^Q ^ 1 

is equivalent to the zero extension if and only if there exists a short exact sequence 
1 9- C >■ E a- Q ^ 1 and a homomorphism h : E — ?■ T such that the diagram 




()■ 

is commutative and (1 : C — > C, h : E — > T) is a homomorphism of crossed modules. 

Now we can prove exactness. 
Lemma 7.2. The sequence 

H 2 {G, M)i — ^ H l (Q, H l {N, M)) -^U H 3 {Q, M N ) 

is exact. 

Proof. First suppose that [D] € H 1 (Q , H 1 (N , M)) with X[D] = 0. This means that we can 

i V 

find a short exact sequence 1 >■ M >\ N ^ E >- Q >- 1 and a homomorphism of 
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crossed modules (ImxiN, h : E — > II 1 {Q)) such that the diagram 

p 



(5) 







M x JV- 



M x JV- 



■£7- 



ft 



Q 



l, 



with Q = D~s(Q), is commutative. We want to find an extension of G by M that is partially 
split, such that [D] is the image of the extension under p. 

Let p' : E — > G be the composition of /i with the map p\ : AutG(e ) — > G and observe that 
7r o p' = p. The kernel of p' is easily seen to be M, so we find an extension 



e : 



M ■ 



E 



G 



1. 



where i' is the composition M 4 M x JV 4 i?. One can show that the induced action of G 
on M coincides with the given action. Clearly, p'~ 1 (A r ) is isomorphic to M x N through i. 
We show that this extension is the extension we need. 

Write [De\ = p\e\. We fix the partial splitting so : N <-> M x N A E of e over N. We 
know that De(q) = [po(e)(x)] for irop'(x) = q or equivalently, = Using the description 
of /) on semi-direct complements, we see that po(£)( x ) is the derivation associated to the 
semi-direct complement x Hq = i^ 1 (xi(Ho)x ) . Here Hq is the standard partial semi-direct 
complement of N in the standard split extension. Since h is a homomorphism of crossed 
modules, x Hq equals k ^Hq. 

From the commutative diagram ©, we deduce that II o h{x) = Ds op(x), so 

(6) Uoh(x) = U(i 1 (d)s(g)) 

for D(p(x)) = [d] and 7r(g) = p(x). As the reader can easily check, ^ m ' n )H ~ H , so it 
follows that the action of AutG(e ) on [Ho] factors through Outc(eo)- Equation © shows 
that 

X H ~ ^( d >(9) Ho = h(d) Ho = a(d)fl- 0j 

and the last one has associated derivation d. It follows directly that [po(e)(x)] = [d] = D(p(x)), 
so De{p{x)) = D(p{x)). 

Conversely, consider a partially split extension 



e : 



M 



E- 



G 



1 



and a given partial splitting sq : N — > E of e over N. Let D = Po(^) an( ^ let 7 : M x ^ 
jo /_1 (A r ) be the isomorphism associated with sq as before. By defining p = nop' and observing 
that Kerp = j(M x N), we obtain an exact sequence 



1 



MxJV 



1. 



from h\ = p : E — > G and /12 : 



We construct a homomorphism /i : E —> AutG(e ;, 
Aut M (MxA^) sending x to /i2(x), with hi [x) (m, ri) = y~ 1 (x , y(m,n)x~ 1 ). The compositions of 
/107 with respectively Autc(e ) —> G and Autc(e ) — > Aut M (M x N) equal the compositions 
of /3 with these two maps. By the pull-back property, this means that h o 7 = f3. 
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We know that h(x) = ii(d)s(p'(x)) for some derivation d. Since h ( x >Ho = x Hq, it is clear 
that d = p (e )(x). It follows that II o h(x) = Ds(p(x)), so h(E) C n -1 (Q) with Q = Ds(Q) 
and we get a commutative diagram 

1 ^Mx N— >-E V —*-Q *-l 

h 

>- M N > M x N n -1 (Q) »- Q »- 1, 

where the left square is a homomorphism of crossed modules. This shows that X[D] = and 
the sequence is exact. □ 

Remark 7.3. Using spectral sequence arguments, one can see that in case H 2 (N,Mp = 0, 
the seven-term sequence can be extended to the following eight-term exact sequence: 

*- H l {Q, M N ) i ^L^H 1 {G,M) — — ^H l {N,M) Q —^H 2 (Q,M N ) 



— ^ H 2 (G, M) — ^ H\Q, H\N, M)) — H 3 (Q, M N ) H 3 {G, M). 

Since A coincides with the differential d^ 1 of the spectral sequence, this follows from spectral 
sequence arguments as introduced in [UJ. 

8. NATURALITY OF THE SEQUENCE 

We already know that the maps in the seven-term exact sequence are natural with respect 
to the modules. Here we show that the maps are also natural with respect to the short exact 
sequence of groups. Let 

N' ^ G' Q' ^ 1 





a 7 


N 





be a morphism of group extensions. Take a G-module M. Then M is also a G'-module through 
a. Observe that now automatically M N C M , and call the inclusion j : M N — > M N . 

The naturality of A has already been shown in [8]. We show that tr and p are also natural 
with respect to the short exact sequence of groups. 

To prove the naturality of tr, one has to show the commutativity of 

H l (N,M) Q — H 2 (Q,M N ) 

w 

H^{N',M)Q' -^H 2 (Q',M N '). 

The right hand map is the composition of a* : H 2 (Q, M N ) -t H 2 (Q', M N ) and j* : H 2 (Q', M N ) 
H 2 (Q',M N> ). Take [d] G H l {N,M) Q . Then automatically a* [d] = [d o a ] e H l {N',M) Q ', 
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since 9> (d o a ) = a ^ 9 ^do a . To find the image of ti[d] under o a* , we first take a pull-back 
and then a push-out of the sequence representing [e d ] = tr[d]. This means there is a diagram 



e : 




where the right upper square is a pull-back diagram, while the left lower square is a push-out 
construction. As before, we let Sd(n) = (d(n),n) G M x G for all n G TV and s' d (n') = 
(d(a(n')),n') G M x G' for all n' G N', and set if = s d (N) and = s^(JV'). 
Observe that there exists a commutative diagram with exact rows 







M 



M x G' 



a 



i 



o 



lxa 



M 



M x G ■ 



G 



1. 



Furthermore, (m,g) G Nmxg{H) iff for all n G iV, 9 d(n) — d(n) = n ■ m — m, and (m,g') G 
NmxiG'(H') iff f° r an n ' € iV', 9 (do ao)(n') — (do ao)(n') = a(n') ■ m — m. Now it is easy to 
see that (1 x a)~ l (N M y i G(H)) C N MxG ,(H'). Set S = (1 x a) _1 (./V M><G (if )). Observe that 
i'(m) G 5 iff m G M ff , and p'(S') = G', since p : Nmxg(H) — >■ G is surjective. This means 
that the lower sequence in the diagram 







M 



N 



NmxG'{H') 



a 



j 

M N 



G' 



— 1 



is exact. It is also clear that (1 x a)(H') C H, so H' C 5 and even if' < 5, since S 1 C 
NmxG'(H')- It follows that we get an exact sequence 







-a- M N 



S/H'- 



Q' 



and we claim that this sequence is equivalent to the sequence a*[e d ]. Take 4>i '■ S/H' — >■ 
Nm»g(H)/H, mapping (m,g')H' to (m,a(g'))H and 02 : S/H' — > Q' , 4>2 = v' • It is eas Y 
to see that the maps are well-defined and that, by the universal property, we obtain a map 
<p : S/H' — > P. Now one only has to check that the diagram 







M 



N 







M 



N 



S/H' 



Q' 



Q' 



l 



is commutative, but that is not difficult. 
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Since the diagram 



0- 



M N 
j 

- M N 



N M » G ,(H')/H' -Q' 



S/H' Q' 



1 



is commutative, the upper row e^, representing tr(a*[d]), is the push-out construction of the 
lower row, equivalent to a*(e d ). It follows that [e] = tr(a*[d]), so the map tr is natural. 
To prove that p is natural, we have to show that 



(7) 



H 2 (G,M), 



H\Q,H 1 {N,M)) 



H 2 (G', M) a — ^ H\Q', H l (N', M)) 
commutes. Observe that the right hand map is the composition 

H l (Q, H l (N, M)) H l (Q', H^N, M)) i ^^ S k 1 (Q', H^N', M)). 

Take [e] G i? 2 (G,M)!, with 



e : 



0- 



M 



E 



G 



1. 



and fix a partial splitting sq : N — > E of e over N. We know that a* [e] can be represented 
by the lower row in the diagram 



e : 



e' : 




where the right hand square is a pull-back square. By the universal property of the pull- 
back, we find a partial splitting s' : N' — > P of e' over iV, such that /i o s' = so o a - 
Take G Q' and fix an element x' € P such that tt' op'(x') = q'. Then p(a*[e]) can be 
represented by the derivation D±, mapping q' to the class of the derivation Di(x'), with 
il ' {Di{x'){n')) = C'soXn'Jsofn') -1 . Straight-forward calculations show that i{Di{x'){n')) = 
{ h ^s ){a Q (n'))s {a Q {n'))-\ 

Now take a look at a*(p[e]). We can represent p[e\ by a derivation Z?2, that maps q £ Q 
to the class of the derivation ^(x), with 7r op(x) = g and i(D2(x)(n)) = ( x so)(n)so(n)~ 1 
for all n € N. Applying the right-hand map of ([7]) to p[e], we obtain an element that can be 
represented by a derivation D3, sending q' G Q' to the class of D2(x) a q 0) where 7r op(j;) = 
a(q'). Observe that we can choose x = h(x'), with ir'op'(x') = q' . Now i(D2(h(x'))(ao(n'))) = 
( h( - x 'h )(ao{n'))so{a (n'))' 1 . It follows that the dia gram (|7|) commutes, thus p is natural. 

9. More on tr 

Suppose we take a G-module M that is iV-invariant, so the G-action induces a well-defined 
Q-action on M. In this case, the equivalence relation on derivations is trivial, and H l (N, M)** 
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can be identified with Houiq(N/N' , M), where N' is the commutator subgroup of N. The 
G-action on N/N' is induced by conjugation. 

Lemma 9.1. Let M be an N -invariant G-module, and take [d] = d € H l (N,M)Q = 
Homc(N/N',M). Then ti[d] = — d*[e], or equivalently, tr[— d] = d*[e], with 

e : N/N' G/N' Q 1. 

Proof. The partial splitting corresponding to (— d) is S-d : N — >■ M X G : (—d(n),n). A 
representant of tr[— d] is given by 

e : M — U. (M x G)/s_ d (iV) — ^ Q *- 1. 

On the other hand, the extension d* [e] can be represented by the second row of the following 
diagram, where E is the push-out construction. 

+ N/N' ^ G/N' ^ Q ^ 1 

d 

>- M — 9- E — — Q *-l 

Observe that E = (M x (G/N'))/S, where S = {{-d(n),nN') € M x (G/N') \ n G N}. 
Take p : (M xi G)/ S-d(N) — > E, mapping (m, g)s-d(N) to (m,gN')S. One easily checks that 
this is an equivalence of extensions, so tr[— d] = d*[e\. □ 

This is exactly the same result as described in Theorem 7.3.1 in [3j, so it means that at 
least for M = M N , the map tr we have constructed in this paper coincides with the map 
induced by the spectral sequence. 

10. COCYCLE DESCRIPTION 

Fix a section a : Q — > G for ir and let f a : Q x Q — > N denote the associated factor set, 
i.e. a(q)a(q') = f a (q,q')a(qq'). 

10.1. The map tr. Take an element [d] € H 1 ^, M)^, the associated partial splitting s : 
N — >• M X G, and the associated partial semi-direct complement H = s(N). Since [d] is 
Q-invariant, we obtain an exact sequence 

^ M N —U N m *g(H) G 1, 

and we choose a section s : G — > Nmxg(H), not necessarily a homomorphism, that extends 
s. There is an associated factor set f s : G x G — > M N such that J(g)'s(g') = i(f s (g J g'))s(gg'). 
We define a section s : Q — > Nmxig(H)/ H of 

e H : M N -I— » N M>4G (H)/H Q 1 

as s(q) = s(a(q))H. Now take q±, q2 £ Q- One easily shows that 

s(qi)s(q2) = i( K fs((x(qi),a(q 2 )) - f s (fa(qi,q2),a(q 1 q 2 )) S js(q 1 q2). 

We conclude that tr[d] = [F], where F : Q x Q — > M w is the cocycle 

F{qx,q2) = f s {a(qi),a{q 2 )) - f s (f a (qi,q2),a(q 1 q 2 )). 
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In general, one can choose a section s : G — > Nm-xg(H) that does not necessarily extend s. 
In this case, the image ti[d] can be represented by the cocycle F : Q x Q — > M N with 

F(qi,Q2) = fs(a{qi),a(q 2 )) - / s (/«(gi, 92), a(gig 2 )) + i~ (s{fa(qi, Q2))H). 

Note that one can use this to show that tr = if M = M N and a is a homomorphism, taking 
s(g) = (0,g). 

Remark 10.1. In [10], Rousseau gave an ad hoc construction of a map H 1 (N,M) ( ^ — >■ 
H 2 (Q, M N ) on the cocycle level, rendering the five-term sequence exact. It turns out to 
coincide with the above cocycle description of our map tr. 

10.2. The map tr, second description. It is easy to prove the following lemma. 

Lemma 10.2. Take a derivation d : N — » M and set H = {(d(n), n) \ n £ N}, the associated 
partial semi-direct complement. For (m,g) € M x G, the following holds: (m,g) € Nmxig(H) 
iff i 9 d ~ d){n) = n ■ m — m for all n € N. 

Take a derivation d : N — > M such that [d] € H 1 (N,M)® and fix a normalized map 
77 : Q -> M for which ( a ^d - d)(n) = n ■ 77(g) - 77(g), so that (77(g), a(g)) G N M ag{H) by 
the previous lemma, where H is defined as before. We claim that a representative cocycle 
F : Q x Q -> M N of ix[d] is given as 

F{qi,q2) = T](qi) + a(qi) ■ n(q 2 ) - /« (91,92) • ^(9192) - d(f a (q 1 ,q 2 )). 
Indeed, we can take a section s : Q — > Nm*g(H)/H of the representative extension 

e H : M N —U N My4G (H)/H Q 1 

of tr[d], mapping q to s(q) = (rj(q),a(q))H. It is now an easy calculation to see that indeed 
3(91)^(92) = i(F(qi,q2))s(qiq2) for all gi, q 2 E Q, so F is the cocycle associated to e H . 

Observe that, if M = M , we can choose 77 = 0. In this case, a representative of tr[d] 
is given by ^(91,92) = —d(f a (qi,q2))- This gives an alternative proof of lemma EU As a 
corollary, tr = if M = M N and a is a homomorphism (i.e. the sequence of groups is split 
exact). 

Remark 10.3. Observe that this second cocycle description of our transgression map tr 
coincides with an explicit ad hoc description of a map H l (N, M)® — > H 2 (Q, M N ), making 
the five-term sequence exact, by Guichardet in [U §8] . 

10.3. The map p. Take an element [/] € H 2 (G, M)\ such that f : G x G ^ M is a cocycle 
with /\nxN = 0. There is a partially split extension 

e: 5- M >-Mx f G *- G 1 

associated to /, where M x f G is the set M x G with group law 

(m,g)(m',g') = (m + g ■ m' + f(g,g'),gg'). 

It is trivial to see that M Xf N is just the semi-direct product M x N. Take a section 
sq : N — >• M X f G defined as so(7i) = (0, n). Observe that 

(m,g)(0,n){m,gy l = (m + f(g,n) - gng~ x ■ (m + f(g, g~ r )) + f(gn, g' 1 ), gng~ l ) . 
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Remember that (i m >s) so)(n) = (m, g)sQ(g~ 1 ng)(m, g)" 1 , so the derivation d( m ^ g \ associated 
to ( m ' 9 )so is defined as 

d( m ,g){n) =m-n-m + f{g,g~ l ng) - n ■ f{g,g~ r ) + f{ng,g~ l ). 

Since / is a cocycle, -n ■ f(g,g~ x ) + fing^g" 1 ) = -f(n,g), so po(e)(m,g) = d^ g) with 
d(m,g){ n ) = m — n ■ m + f(g, g~ l ng) — f(n, g). It is now easy to see that 

ft) (§)(?) = [dg] 

with ir(g) = q and d g {n) = f{g,g~ l ng) — f(n,g). This gives a complete description of 
P(£) = [Po(e)]- 

10.4. The map A. It is easy to see that, if we fix a cocycle c : Outc(e ) x Out G (eo) x 
Out G (e ) — > M N associated to the crossed extension 

e : M N MxN — ^~ Aut G (e ) — ^ Out G (e ) *. 1, 

the image of [D] under A can be represented by c with c(qi, q 2 , q 3 ) = c(Ds(qi), Ds(q 2 ), Ds(q 3 )). 
This comes from the fact that \[D] can be realized as (Ds)*[e|. 

On the other hand, we can try to find a direct cocycle description for A. Fix a section 
s 2 : H X (N,M) -)■ Der(iV,M) of the quotient map Der(iV, M) ->■ H l (N,M). Since the rows 
in diagram (j3J) on page HH are split exact, we can identify Aut G (e ) = Der(iV, M) x G and 
Out G (e ) = H l (N,M)y\Q. Thens : Out G (e ) ->■ Aut G (e ), defined as s( [d] , g) = (s 2 [d],a(q)) 
is a section of II, so so Ds = (s 2 ° D, a), is a section of <3? : II -1 (Ds(Q)) — > Q. 

We want to compute the map / :QxQ->MxJV, measuring the defect of (s 2 -D, a) 
being a homomorphism. In other words, we want that 

P f(qi, <12) (s 2 D(qi q 2 ), a(qxq 2 )) = (s 2 D(q 1 ),a(q 1 ))(s 2 D(q 2 ),a(q 2 )). 

Therefore we measure both the defect of a being a homomorphism (using f a ), and the defect 
of s 2 o D being a derivation via a. Since s 2 D(qi) + a ( qi ^ s 2 D(q 2 ) — s 2 D(q\q 2 ) maps to zero in 
H 1 (N, M), it is an inner derivation for all q%, q 2 6 Q and we can fix a map F' : Q x Q — >• M 
such that 

-^(F'^x, g 2 )) = S2 £>( gi ) + Q(gi) S2 Z?((? 2 ) - s 2 L>(gig 2 ). 
Using the relation n d = d + S°(d(n)), we see that 

(3 o /(<&,<&) = ( - S°(F'( qi ,q 2 ) + (s 2 o 1%^)) (/„(<&, g 2 ))), /«(<&,<&)) , 

and we can choose 

/(?1>?2) = (gi,^) + (s 2 0-D(gig2))(/a(?l,?2)),/a(gi,?2)V 

The cocycle c : Q x Q x Q — >• of the crossed extension is now defined by 

soDs(qi) f(q2, 93)/(?i, 9293) = ioc(qi,q 2 , 93)/(9l, 92)/(9i92, 93), 

where io : — > M x AMs the obvious embedding (for the correspondence, see [U IV. 5]). 
Using the fact that / a satisfies a non-abelian "cocycle condition" (for the definition, see [1, 
IV.6]), and that s 2 o D takes values in Der(iV, M), together with the definition of F' and the 
definition of the G-action on Der(iV, M), we can compute that 

(8) c( gi ,q 2 ,q 3 ) = c f ( gi ,q 2 ,q 3 ) + { a ^ q2 h 2 D(q 3 )) (/ a ( 9lj g 2 )), 
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with 

c'(<?i,<72,<73) = a(qi) ■ F'(q 2 ,q 3 ) - F f (qxq 2 ,q 3 ) 

+F'(qi,q 2 q3) ~ F'{q 1 ,q 2 ), 

which resembles a coboundary expression. The last term in ([8]) is given by taking the deriva- 
tion s 2 D(q 3 ) S Der(A r , M), letting a(q±q 2 ) act on it by the usual G-action, and evaluating 
the resulting derivation in f a (qi,q2) € N. 

11. Example: The Heisenberg groups 

We illustrate the 7-term exact sequence for the Heisenberg groups G k with trivial coefficient 
module Z. The group G k has presentation 

G k = (a, b, c | [a, b] = c k , [a,c] = [b,c] = 1^ . 

Set N = Z(G k ) = (c) = Z, so Q = G k /N = (b,c) = Z 2 , where b and c are the images of b 
and c under the projection map. We obtain the group extension 

e k : »- N G k *- Q »- 0. 

To give an explicit description of the exact sequence, it is important to understand the 
cohomology groups that appear. We also want to know which cocycles we can choose as 
group generators. It is known that ff 1 (Q,Z) is the free abelian group on generators [f a ] and 
[fb], with f a (a) = 1 = fb(b) and f a (b) = = Furthermore, there is an isomorphism 

i7 1 (Gfc,Z) = Z 2 , and we can choose generators [/„] and [/&] for i7 1 (G/ c ,Z), with f a (a) = 1 = 
fb(b), fa{b) = = fb(a) and f a (c) = = /&(c). Since N = Z(G k ) and Z is the trivial module, 
H 1 (N,Z.) is invariant under the action of Q, so H l (N,J.)Q = Z with generator [/], with 
/(c) = 1. It is known that the cohomology group H 2 (Q, Z) is isomorphic to Z, with generator 
[&.]• We also have the relation H 2 (G k , Z) = Z 2 © and Hartl gives an explicit isomorphism 
D : 1? © 1 k -» H 2 {G k ,T) in the example in [5] on p. 410. The generators of H 2 (G k ,Z) are 
0(1,0,0), 0(0,1,0) and 0(0, 0,1). Since H 2 (N, Z) = 0, H 2 (G k ,Z) 1 = H 2 (G k ,Z). Last of all, 
H l (Q, ^(N, Z)) is a free abelian group on the generators [/i] and [f 2 ], with fi(a) = f = f 2 (b) 
and/i(6) = = / 2 (a). 

The exact sequence is now of the form 

o ^ z 2 z 2 z z z 2 © z fc -1+ Z 2 0. 

One can easily see that inf is the identical map after identification of the groups with Z 2 . It 
is clear that any homomorphism / : G k — > Z takes c to zero, so res = 0. From section [9] we 
know that tr[/] = — [e fc ], since / : N — > Z is an isomorphism. It is easy to see that [e fc ] = k[e^\, 
so tr(l) = —k after identification. 

For the description of the next maps, we make use of the isomorphism in |5j. Computing a 
cocycle for e 1; one easily verifies that inf can be represented by a cocycle sending a couple 
(a k b l c m ,a k b l c m ) to c kl . It follows that inffej corresponds to D(0,0, 1). This means that 
inf is the composition of the projection p k : Z — > ~Z k and the embedding i\ of the last factor 
in Z 2 © Z fc . 

We claim that the last map is the projection Z 2 © ~l k — > Z 2 . Indeed, using the formulas in 
[5j, one proves that 0(1,0,0) maps to the class of g\ : Q — > -ff 1 (A r , Z), where g\(a a b ) sends 
c to a. This means that 51(a) = / and gi(b) = 0, so g\ = f\. Analogously, 0(0, 1,0) is sent 
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to the class of 52, with g^ifi) = and g^ib) = /, so #2 = /2- The element D(0, 0, 1) is sent to 
zero. Now it is clear that p : Z 2 © Z^ — > Z 2 is the projection p±2 on the first two factors. 
Therefore the exact sequence equals 

— ,z 2 ^z 2 ^z-lz^iz 2 ®z fc ^z 2 — -0. 



12. Splitting sequence of groups with TV-invariant module 
We consider the special case in which the sequence 

1 ^ G ^ 1 

splits and the module M is AMnvariant, so M N = M. Fix a splitting a : Q — > G. 

We have seen in section [9] that in this case, tr will be the zero map. Moreover, we can show 
that the map A will also be trivial, since we can find a section a : Outc(e ) — > Autc(e ) of 
II, that is a homomorphism. 

Take Tl(h,g) € OutG(e ) and set g' = a{ii{g)). Now there exists a map h! such that 
(h',g') G Autc(e ) and U(h',g') = U(h,g). One can show that h! is the unique map with 
these properties. 

Define 5 : OutG*(e ) —> AutG(e ), mapping U(h,g) to (h',g') as in the above. It is easy to 
check that this is a homomorphism. Observe that this means that the crossed extension 

^ M N ^ M x N Aut G (e ) Out G (e ) ^ 1 

is equivalent to zero, so A = 0. 

These results are compatible with results for the sequence induced by the spectral sequence. 
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